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Lecture 1: Notation and Functions 1-11

1.5 Composition of functions

Definition 1.5.1. Given functions f(u) and g(z), the composition of f and g, denoted by
(f o g)(x), is a function of x formed by substituting v = g(x) for u in the formula of f(u),
ie.

(fog)(x) = f(g()).

In the following figure, the definition of composite function is illustrated as an assembly
line in which raw input x is first converted into a transitional product g(x) that acts as input
in f machine uses to produce f(g(x)).

g g f f
Input Output ... “Input Output

e 1 f g _7—' 7| 3 O ¢ ) o f | 7| o
/" A Machine %)) 8(x) 8(x) g(x) Machine _f(‘g('\)) /
© (@4 ©

e\t by g o p A §ofo

Example 1.5.1. f(z) = 22 + 3z + 1 and g(=) + 1

Then
(fog)(x) = flg(x))= (9(x))” +3(g(z)) + 1= (z+ 1)* +3(x +1) + 1
=2 4+2c+1)+Br+3)+1=2>+52+5 i
Similarly, ;V,wi{/‘;’]
(go f)(w) =g(f(2) = f(z) 1 =a® + 3z +2. ‘Z”‘ '/"/)OML\;)Y\
A I ({
Remark. In general, (f o g)(x) # (go f)(x). K+ 3yl €\ 0

Example 1.5.2. Suppose f(z) = 2>—1and h(z) = x—1, find g(u) such that f(z) = g(h(z)).

Solution.

f@)=2>-1=(z-14+1P2-1=(z-12+3(x-1)2+3x—1) = g(u),
here
g(u) = u® + 3u® + 3u.

where we define \>\ A <7

) . _ 2 2 Teau |
seb Lo oge o fuedmoafuc = (i) = s
- M+3M’V%“ 9%(«4)
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Lecture 1: Notation and Functions

Example 1.5.3. Suppose f(z) =/(z — b)) + find g(u) and h(x) such that f(z) =

g(h(x)).

3
(x=5)%

Solution. The form of the given function is

fla) =0+ 5,

where each box contains the expression z — 5. Thus f(z) = g(h(x)), where

glu) = u? + % and/h(x) = x — 5.

Definition 1.5.2. A difference quotient for a function f(z) is a composition function of the

form
flz+h) = f(z)
h

where h is a constant.

Difference quotients are used to compute the slope of a tangent line to the graph and
define the derivative, a concept of central importance in calculus.

Example 1.5.4. Find the difference quotient of f(x) = 22 — 3x.

Solution.
f@+h) = @) [+ h)? =3+ h)] - ¢ - 3a]
N h
_ [#% 4 2zh + h? — 3z — 3h] — [2% — 3a]
N h
2
_ 2zh 4+ h* — 3h 9wt h_3.

h

Geometric interpretation: As slopes of secant lines to the graph of f.
h — 0 ~» tangent lines. Slopes of tangent lines to the graph of f ~» derivatives of f.



Lecture 1: Notation and Functions 1-13

1.6 Modeling in Business and Economics

Example 1.6.1. A manufacturer can produce dinning room tables at a cost of $200 each.
The table has been selling for $300 each, and at that price consumers have been buying 400
tables per month. The manufacturer is planning to raise the price of the table and estimates
that for each $1 increase in the price, 2 fewer tables will be sold each month. What price
corresponds to the maximum profit, and what is the maximum profit?

7 57157;/\ a\ V](/(V"‘lﬁf\‘

Solution. Leﬁ: be the price.
ol he wouls g e . (F’”'('@
Profit for one table 10 ¢ - z L 200 avo U U‘{ (1 Cveast ¢

-
Number of tables sold = [ 400)— 2(z — 300) = 1000 — 2z [tu A ot 9242 decrease
. e nqmb'fr‘/f -{—mb[(}‘ Gb(d-
Total profit: f@) = (z=200)(1000 — 2x)
—2z% + 1400z — 200000
—3(w — 3507+ 45000
~

f(z) is maximized when the manufacturer charges $350 for each table. [ |

Question: How to find max/min for general functions? Calculus helps!

T — >\
Chv j&md) ﬂ%/;S re ,
oun GP ‘Q/UCﬁﬁ?M 9/& UW{&%&(M Haltm
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Chapter 2: Limit

Spring 2021

Learning Objectives:

(1) Examine the limit concept and general properties of limits.

(2) Compute limits using a variety of techniques.
(3) Compute and use one-sided limits.
(4) Investigate limits involving infinity and “e”.

2.1 Limit of a function at one point

(Heuristic) “Definition” 2.1.1. If f(x) gets “closer and closer” to a number L as x gets
“closer and closer” to ¢ from both sides, then L is called the limit of f(x) as = approaches c,

ANANA——

denoted by
lim f(z) = L.

Tr—cC

Ve PR
PR | x
4
Remark. Limits are defined rigorously via “c — ¢” language.
Example 2.1.1. Let f(z) := x + 1. Find lim1 f(x)
x>
z 0910990999 |1]1.001 1.01 1.1
f(z) [ 1%9]1.99 [ 1.999 | 2 | 2.001 | 2.01 | 2.1

When z approaches 1 from both sides, f(z) approaches 2. Therefore lim f(z) = 2.

2-1

= 'P(l)




Chapter 2: Limit

2-2

Remark. 1. The table only gives you an intuitive idea, this is not a rigorous proof.
2. Don’t think that the limit is always obtained by substituting z = 1 into f(z). The limit
only depends on the behavior of f(z) near z = 1, but not at = = 1.

r+1

Example 2.1.2. =
P /(@) {undeﬁned

ifx#1,
ifx = 1.

z 10.91]0.99 | 0.999

1

1.001 | 1.01

1.1

F(z) | 1.9 | 1.99 | 1.999

undefined

2.001 | 2.01

2.1

When z approaches 1 from both sides, f(x) approaches 2. Therefore lirri f(z)=2.
T—r

Disregard the value of f at 1, the limit of f(x) when z tends to 1 is always 2.

y

whom &% |

Y
\\ B

= xt )
\ .

7AN ’P vs OUEAMJ

/1 0 I fron T
\CﬂnOme xel
1 if 1
Example 2.1.3. f(z) = v 1 v# 1
1 if x =1.
T 09109910999 |1 |1.001 |1.01 1.1
f(z) 11911991999 | 1]2.001]2.01]21

When x approaches 1 from both sides, f(z) approaches 2. Therefore linri f(z) =2.
T—



Chapter 2: Limit 2-3

Y L )

K>

Proposition 1.

1. If f(z) = k is a constant function, then

lim f(x) = lim k = k.

Tr—cC Tr—c

For instance, lim 9 = 9.
r—1

2. If f(z) = z, then

lim f(x) = limz = c.
Tr—cC r—cC

For instance, lim x = 3.
r—3

Proposition 2. (Algebraic properties of limits, +,—,x, =)

If lim f(z) and liin g(x) exist (very important!), then

T—cC _

1. dimy(f(x) + g(z)) = Jldlﬁmc f(z) + lim g(xs

Tr—C T—C

2. lim(f(x) —g(z)) = lim f(x) — lim g(z)

Tr—cC Tr—cC r—cC

3. lim(f(x)g(x)) = lim f(z) - lim g(x)

r—cC

Especially, hin kf(z) =k hin f(x) for any constant k

lim f(x)
4. lim /() =70 if lim g(x) # 0.
ve g(z) - Aim g(z) e

5. lim(f(z)) = [nm f(x)]p if [nm f(:v)]p exists

Tr—cC Tr—C Tr—C



Chapter 2: Limit 2-4

Example 2.1.4. Compute the following limits:
1. lim(2® + 22 — 5)
rz—1

4 2

~1

2. lim 2t =
r—2 x4+ 5

3. lim V422 -3

r——2

Solution.

1. lim(23 422 —5) = lim 2% + lim 2z — lim5=13+2-1 -5 = —2.
x—1 rz—1 z—1

r—1

: 4 2 . 4 . 2 .
otaa? o1 GO TS0 e i ot 1

2. lim 2 == - 5 . 2 . - .
z—=2  x2+5H lim (z° + 5) lim z° 4+ lim 5 9

r—2 r—2 r—2

3. lim V422 —3= /[lim (422 —3) = [ 1lim 422 — lim 3 =+/16 -3 = V13.

T——2 T——2 T——2 T—r—

Exercise 2.1.1. Compute the following limit:
lim (m2 — 3z >
z—1 r+5

Example 2.1.5. (Cancelling a common factor)
Find the limit

Solution. We can’t directly use property of division of limit because the denominator lim (z?—

rz—1
3x+2)=1>-3x1+2=0.

lim 2?2 -1 _lm(z—l)(:c+1)
eslg2 —3x+2 a1 (v —1)(z—2)
—limM(x+1)
C 2ol (—1)(z — 2)
o ox+1
= lim
z—=1lx — 2
_Hl_
1-2





